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S.B. Mulay [2] length of a shortest cycle (or equivalently the number of vertices of a least sided polygon) contained in the graph. If Z(R) does not contain a cycle, then its girth is defined to be ∞. Obviously the girth of a graph is at least 3. The girth of Z(R), for an arbitrary R, is known to be either infinite or 3 or 4 (see [4, (1.4) ]). In (1.2) of this article we present a characterisation of the rings R for which the associated zero-divisor graph has diameter at most 2. In (2.3) we identify those R whose associated zero-divisor graph has girth exactly 4. In (2.5) and (2.6) we determine the rings R for which the associated zero-divisor graph has infinite girth. The graph-theoretic counterpart of this has already been dealt with in [4] where the zero-divisor graphs of infinite girth are completely determined. Except for one class of zero-divisor graphs of diameter 2, the nature of zero-divisor graphs having either small diameter or large girth is readily understood from the corresponding ring-theoretic characterisations.
By the total quotient ring of R we mean the quotient ring Q(R) := T −1 R where T stands for the multiplicative subset of non zero-divisors of R. Since the canonical homomorphism from R to Q(R) is injective, R is thought of as a sub-ring of Q(R). As mentioned above, we shall tacitly assume Z(R) to have at least two elements.
Theorem 1.1. The diameter of Z Q(R) is the same as the diameter of Z(R).

The girth of Z(R) is the same as the girth of Z Q(R) .
Proof: Observe that the diameter of Z Q(R) is 1 if and only if the diameter of Z(R) is also 1. Now suppose that the diameter of Z Q(R) is 2. Then the diameter of Z(R) is at least 2. Consider any a, b ∈ Z(R) with a = b and ab = 0. By our assumption about the diameter of Z(Q(R), there is a q ∈ Z Q(R) such that a = q = b and aq = 0 = bq. Let q := c/t with c, t ∈ R such that t is a non zero-divisor of R. Then ac = 0 = bc. It follows that c is in Z(R) and hence the distance between a, b (when considered as vertices of the zero-divisor graph of R) is 2. Conversely, assuming that the diameter of Z(R) is 2 it is easy to see that the diameter of Z Q(R) must also be 2. In general, the diameter of any zero-divisor graph is at most 3. Therefore we have established the first assertion.
Since Z(R) is a sub-graph of Z Q(R) , it is clear that the girth of Z(R) is greater than or equal to the girth of Z Q(R) . Earlier we have noted that the girth of any zerodivisor graph, when finite, is either 3 or 4. Suppose Z Q(R) has girth 3. Then there are distinct elements q 1 , q 2 , q 3 of Z Q(R) such that q 1 q 2 = q 2 q 3 = q 3 q 1 = 0. For i = 1, 2, 3 let q i := a i /t with a i , t ∈ R and where t is a non zero-divisor of R. Then a 1 , a 2 , a 3 are distinct elements of Z(R) and since a 1 a 2 = a 2 a 3 = a 3 a 1 = 0, they form a triangle in the graph Z(R). Thus Z(R) also has girth 3. Theorem 1.2. Assume that the diameter of Z(R) is 2. Then exactly one of the following holds.
(i) Z(R) ∪ {0} is a prime ideal of R, [3] Zero-divisor graphs of rings 483
(ii) R is a sub-ring of a product of two integral domains.
If (ii) holds for (a non-domain) R, then the diameter of Z(R) is at most 2. If (i) holds for (a non-domain) R and R is Noetherian, then Z(R) is of diameter at most 2.
Proof: Suppose Q(R) has two distinct maximal ideals M 1 and M 2 . Let x ∈ M 1 and y ∈ M 2 be such that x + y = 1. Then x, y are in Z Q(R) and (0 : x) ∩ (0 : y) = 0 (considered as ideals of Q(R).) Since, by (1.1), the diameter of Z Q(R) is also 2, we must have xy = 0. But y = 1 − x and hence x is an idempotent of Q(R). It follows that Q(R) is isomorphic to a product of two rings. Say Q(R) = R 1 × R 2 . Suppose Z(R 1 ) is non-empty. Let a be an element of Z(R 1 ). Then (a, 1), (1, 0) are elements of Z Q(R) such that the distance between them is at least 3. This is impossible due to the assumption that Z(Q(R) has diameter 2. Hence Z(R 1 ) has to be empty. Symmetrically, Z(R 2 ) must also be empty. Consequently R 1 , R 2 are domains (in fact, fields) that is, assertion (ii) holds. It is clear that (i) holds if and only if Q(R) has a unique maximal ideal.
If (ii) holds, then the diameter of Z(R) is easily seen to be either 1 or 2. If (i) holds and R is Noetherian, then P := Z(R) ∪ {0}, being an associated prime of 0, is of the form (0 : x) for some x ∈ Z(R) and hence the diameter of Z(R) is at most 2.
Remarks. 1. The diameter of Z(R) is 0 if and only if Z(R) is a singleton set if and only if
2. The diameter of Z(R) is 1 (that is, Z(R) is a complete graph) if and only if either R is the product of the field of 2 elements with itself or (i) holds with the added property that P 2 = 0 (see [1] ).
3. Let A be a quasi-local factorial domain of (Krull) dimension at least 2. Let m(A) denote the maximal ideal of A and let p(A) be a set of primes of A such that for each height-one prime ideal P of A there is a unique p ∈ p(A) with P = pA. Let A[X] be the polynomial ring over A in the set of indeterminates X := X p | p ∈ p(A) . Then p(A) (and hence X) is necessarily infinite. Let J be the ideal of A[X] generated by pX p | p ∈ p(A) and
Then M is a maximal ideal of R whose elements constitute the zero-divisors of R. Thus (i) holds for R. It is straightforward to verify that A is (naturally) a sub-ring of R and given two distinct members p, q of p(A) and an r ∈ R with pr = 0 = qr we must have r = 0. Consequently, Z(R) has diameter 3.
Lemma 2.1. Assume that Z(R) has girth 4. Then R has at most one non-zero nilpotent. Furthermore, if a is the non-zero nilpotent of R, then (0 : a) is a maximal ideal having F 2 as its residue field.
Proof: Assume R has non-zero nilpotents. Let a be a non-zero nilpotent of R such that a 2 = 0. If there are 4 distinct elements in the ring R/(0 : a), then there are 484 S.B. Mulay [4] 3 distinct elements of Z(R) of the form xa, ya, za (with x, y, z ∈ R) which constitute a 3-cycle in Z(R). Thus, in view of our hypothesis, it follows that R/(0 : a) is a ring of cardinality at most 3. It is straightforward to verify that the zero-divisor graph of a ring of cardinality < 9 has girth 3. Hence (0 : a) has cardinality at least 4. If aR = {0, a}, then for any b ∈ aR \ {0, a} and any x ∈ (0 : a) \ {0, a, b} the elements a, x, b of Z(R) form a 3-cycle, contrary to our hypothesis. Therefore aR = {0, a}. It now follows that (0 : a) is a maximal ideal having the field of 2 elements as its residue field. If there is some non-zero x ∈ (0 : a) for which (0 : x) ∩ (0 : a) is not a subset of {0, a, x}, then for any y ∈ (0 : x) ∩ (0 : a) \ {0, a, x}, elements a, y, x form a 3-cycle. Hence (0 : x) ∩ (0 : a) is a subset of {0, a, x} for all non-zero x in (0 : a). Let y be a nilpotent of R such that y n+1 = 0 but y n = 0 for a positive integer n.
Clearly n 3, otherwise, y n , y n−1 , y n−2 would be distinct elements of Z(R) forming a 3-cycle. In other words y 4 = 0 for every nilpotent y of R. Suppose there is a nilpotent y in R with y 3 = 0. If (0 : is contained in the set {0, y, y 2 , y + y 2 }. Since R must have cardinality at least 9 (for Z(R) to have girth 4) and R/(0 : y 2 ) has cardinality 2, this is impossible. Therefore, we conclude that y 2 = 0 for each nilpotent y of R. Proof: The 'if' part is straightforward. Suppose Z(R) is complete bi-partite. Then Z(R) has a partition {Z 1 , Z 2 } where Z 1 = (0 : x)\{0} for all x ∈ Z 2 and Z 2 = (0 : x)\{0} for all x ∈ Z 1 . Let P 1 := Z 1 {0}. Pick y in Z 2 . Now P 1 = (0 : y). Assume a, b ∈ R with ab ∈ P 1 . Then aby = 0. If by = 0, then b is in P 1 . Assume by = 0. Now by is in Z(R) and (0 : y) ⊆ (0 : by). If by is in Z 1 , then 0 = (0 : by) ∩ (0 : y) which is absurd since (0 : by) ∩ (0 : y) = (0 : y). This forces by to be in Z 2 . But then (0 : by) = (0 : y) [5] Zero-divisor graphs of rings 485 and a ∈ (0 : by) = (0 : y) = P 1 . In other words, P 1 is a prime ideal of R. Likewise P 2 := Z 2 {0} is also a prime ideal of R. Since Z 1 ∩ Z 2 is empty, P 1 ∩ P 2 = 0. It follows that R is canonically isomorphic to a sub-ring of the product of integral domains R/P 1 and R/P 2 .
Theorem 2.3. Assume that Z(R) has finite girth. Then the girth of Z(R) is 4 if and only if one of the following holds.
(i) R is a sub-ring of a product of two integral domains.
(ii) R is isomorphic to D × S where D is an integral domain and S is either
Proof: The proof is divided in two cases, namely the case where the nil-radical N (R) is zero and the case where N (R) is non-zero. Since R must have at least 9 elements for Z(R) to have girth 4, henceforth we tacitly assume that the cardinality of R is at least 9.
First assume that N (R) = 0. Then, from (2.1) it follows that N (R) = {0, a} and the cardinality of (0 : a) is at least 5. Let x be a non-nilpotent in (0 : a). If (0 : x) ∩ (0 : a) contains a non-nilpotent y, then x, a, y form a triangle in Z(R). Hence (0 : x) ∩ (0 : a) = N (R) for every non-nilpotent x in (0 : a). If every zero-divisor of R is in (0 : a), then (0 : x) = N (R) for all non-nilpotents of Z(R) and hence Z(R) has infinite girth contrary to our assumption. Thus Z(R) \ (0 : a) must be non-empty. Pick y ∈ Z(R) such that y is not in (0 : a). Clearly, (0 : y) = 0. If (0 : y) ∩ (0 : a) is a subset of N (R), then since ay = 0, we have (0 : y) ∩ (0 : a) = 0 and hence R is isomorphic to F 2 × R/(0 : y) (where the first factor is the field of 2 elements). But the zero-divisor graph of such a product has girth either ∞ or 3. Thus it must be possible to choose a non-nilpotent x in (0 : y) ∩ (0 : a). Consider the set C := zy | z ∈ (0 : a) . If C has a member b not in {0, x, a}, then x, b, a form a triangle of Z(R) contrary to our hypothesis. Therefore, C is contained in {0, x, a}. Using the fact that R/(0 : a) is the field of two elements, we conclude that y − 1 is in (0 : a) and yR is a subset of {0, x, a, y, y + x, y + a}. Now (y − 1)a = 0 implies that a is in yR. So 0, y, a, y + a are 4 distinct elements of yR. Clearly, from our choice of x, y it follows that y + x + a can not be in the set {0, x, a, y, y +x, y +a}. Hence yR = {0, y, a, y +a}. But then y 2 must belong to y, y + a = y(1 + a) (observe that 1 + a is a unit of R). Consequently, y 2 R = yR has exactly 4 elements, (0 : y) ∩ yR = 0 and (1 − y) is in (0 : y). Thus R is isomorphic to R/yR × R/(0 : y) where R/(0 : y) is a ring of cardinality 4 containing a non-zero nilpotent (namely, the image of a). In other words (ii) holds. Finally consider the case where N (R) = 0. Let x be in Z(R). Suppose, if possible, that (0 : x) has exactly 2 elements {0, y}. Then yR = {0, y} and hence (0 : y) is a maximal ideal having the residue field of 2 elements. Also, since y 2 = 0, we must have y 2 = y and yR ∩ (0 : y) = 0. Hence R is isomorphic to F 2 × R/yR. But such a ring has girth either ∞ or 3. Thus for each x in Z(R), the cardinality of (0 : x) is at least 3 (in 486 S.B. Mulay [6] the terminology of [4] , the graph Z(R) has no 'ends'). Now it follows from [4, (2.2)] (see Remark 2. following the assertion [4, (2.2)]) that Z(R) is a bi-partite graph. In view of the Lemma (2.2) of this article we see that (i) holds. Conversely, if either of (i) or (ii) holds (with Z(R) being non-empty of finite girth) then it is easy to verify that the girth of Z(R) is exactly 4.
Lemma 2.4. Assume that R has at least 10 elements. Let N (R) be the nil-radical of R and assume that N (R) = 0. Then the following are equivalent.
(i) Z(R) has infinite girth.
(ii) N (R) = {0, y} and (0 : x) = N (R) for all x ∈ Z(R).
(iii) N (R) has cardinality 2 and it is a prime ideal of R.
Proof: The equivalence of (i) and (ii) follows from [4, (2.1)]. Assertion (iii) follows from (ii) in a straightforward manner. Suppose (iii) holds. Then N (R) = {0, y} for some non-zero y in R. Let x ∈ Z(R) be distinct from y. Then x is not in N (R) and (0 : x) = 0. Consider 0 = w ∈ (0 : x). Since 0 = xw ∈ N (R) and N (R) is prime, we must have w ∈ N (R) and hence w = y. Hence (ii) holds. Moreover, such a ring is necessarily infinite.
Proof: Our argument will tacitly employ Lemma (2.4) . At the outset we show that under our assumptions the characteristic of R is either 0 or 2 or 4. Observe that a sub-ring of R does not contain y if and only if it is an integral domain. On the other hand, if a sub-ring S ⊆ R contains y, then N (S) = N (R) ∩ S is a prime ideal and for any a, b ∈ Z(S) we have ab = 0 if and only if either a = y or b = y. Also, it follows that [7] Zero-divisor graphs of rings 487 (0 : y) ∩ S is a maximal ideal of S with residue field F 2 . In particular, the characteristic of R is an even integer. Let 2n denote the characteristic of R. Suppose n is neither 0 nor 1. Then y is in the prime sub-ring π of R. Since the zero-divisors of π have to be contained in the maximal ideal (0 : y) ∩ π, the ring π is a local ring that is, n is a power of 2. But the nil-radical of π has exactly two elements. Hence n = 2. It is plain to see that the rings of the form mentioned in (i), (ii), (iii) above have characteristics 0, 2 and 4 respectively. Suppose R satisfies any one of (i), (ii) and (iii). To simplify the notation set P := P (B, X, I). In the first two cases let t be the canonical image of w in B and in the third case let t = 2. Note that t 2 = 2t = 0 and N (B) = {0, t}. We claim that R has to be infinite. This is evident in the case of (i) since Z is indeed the prime sub-ring of R. In the remaining two cases there is an x in X which is not in P = tB[X] + I Consider the sub-ring A of B[X] obtained by adjoining x to the prime sub-ring. Then A is a polynomial ring in one variable over the prime sub-ring and I ∩ A ⊆ P ∩ A. If A has characteristic 2 then P ∩ A ⊆ xA and consequently P ∩ A = 0. Thus A is (naturally) an infinite sub-ring of R. If A has characteristic 4, then P ∩ A = 2A and hence A/(I ∩ A) is necessarily an infinite sub-ring of R. Let y denote the canonical image of t in R. Then y is a non-zero nilpotent of R. Let f ∈ B[X] be in the radical of I. Clearly f has to be in P . Hence yR = P/I = N (R) is a prime ideal of R. It is easy to verify that N (R) = {0, y}. By Lemma (2.4), Z(R) must have infinite girth. Conversely, suppose R has at least 10 elements, N (R) = 0 and Z(R) has infinite girth. In view of Lemma (2.4) if we let N (R) := {0, y}, then N (R) is a prime ideal and (0 : y) is a maximal ideal with residue field F 2 . We have already established that the characteristic of R has to be one of 0, 2, 4. Our assumption about the cardinality of R ensures that the ideal (0 : y) is distinct from N (R). Let π denote the prime sub-ring of R. Then B := π[y] is (isomorphic to) exactly one of the rings appearing in (i), (ii), (iii) above. Clearly, N (B) = N (R) and since for each r ∈ R either r or r + 1 is in (0 : y), the ring R is obtained by adjoining the elements of (0 : y) to B. Observe that (0 : y) ∩ B is a maximal ideal of B which equals J := 2B + N (B) and has F 2 as its residue field. Now the B-module (0 : y)/J is in fact a vector-space over F 2 = B/J. Let T ⊂ (0 : y) be such that T /J is an F 2 -basis of (0 : y)/J (we allow T to be the empty set). Then R = B[T ]. Let X be a set of indeterminates over B equipped with a bijection s : X → T ∪ {0}. Remarks. 1. If R has at least 10 members, N (R) = 0 and Z(R) is non-empty, then
